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Abstract: We present two schemes for joint remote preparation of an arbitrary four-qubit |χ〉 -type entangled state
via three three- and (N+1)-qubit GHZ states as the quantum channel, respectively. In these schemes, two senders (or
N senders) share the original state which they wish to help the receiver to remotely prepare. To complete the JRSP
schemes, several novel sets of mutually orthogonal basis vectors are introduced. It is shown that, only if two senders
(or N senders) collaborate with each other, and perform projective measurements under suitable measuring basis on
their own qubits respectively, the receiver can reconstruct the original state by means of some appropriate unitary
operations and suitable C-NOT gates. Compared with the previous schemes for the JRSP of four-qubit |χ〉-tpye
state, the advantages of the present schemes are that the total successful probability of JRSP can reach 1 and the
entanglement resource can be reduced.
Key words: Joint remote state preparation, Arbitrary four-qubit |χ〉-type entangled state, four-qubit projective
measurement
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1 Introduction
Multipartite entangled states play a fundamental role
in the field of quantum information theory and its appli-
cations. So far multipartite entanglement has been well
studied theoretically and experimentally (e.g. [1]-[9]). A
few years ago, Verstraete et al. [10] have shown that
the four- qubit entangled state may be divided to nine
families of states under stochastic local operation and
classical communication (SLOCC). Briegel et al. [11] in-
troduced a special kind of multipartite entangled states,
the so-called cluster states. Lee et al. [12] have con-
structed a kind of four-qubit genuine entangled state |χ〉
under SLOCC. This state can be expressed as
|χ〉 = 1
2
√
2
(|0000〉−|0011〉−|0101〉+ |0110〉
+ |1001〉+ |1010〉+ |1100〉+ |1111〉)
1234
. (1)
The genuine state |χ〉 has many interesting entanglement
properties. It has been shown that a new Bell inequality
is optimally violated by the genuine state |χ〉 but not
by the four-qubit GHZ state and the cluster state [13].
The state |χ〉 has important applications in the quantum
information field [14-19].
In the last decade, Lo [20], Pati [21], and Bennett
et al. [22] presented a new quantum communication
scheme that uses classical communication and a previ-
ously shared entangled resource to remotely prepare a
quantum state. This communication scheme is called
remote state preparation (RSP). In RSP, Alice is as-
sumed to know fully the transmitted state to be pre-
pared by Bob, so RSP is called the teleportation [23] of
a known state. Compared with the teleportation, RSP
requires less classical communication cost than telepor-
tation. Since then, RSP has attracted much attention,
various theoretical schemes for generalization of RSP
have been proposed and experimental implementations
of RSP have been presented [24-45]. Recently, a novel
aspect of RSP, called as the joint RSP (JRSP), has been
proposed [46-60]. In these schemes of the JRSP [46-60],
two senders (or N senders) know partly of original state
they wish to remotely preparation, respectively. If and
only if all the senders agree to collaborate, the receiver
can reconstruct the original quantum state. More re-
cently, Luo and Deng [61] present a scheme for JRSP
of an arbitrary four-qubit |χ〉-tpye entangled state. One
can note easily that, however, their JRSP scheme can
not be realized with unit success probability.
In this paper, we proposed two schemes for JRSP of
an arbitrary four-qubit |χ〉-type state with two and N
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senders, respectively. To complete the JRSP schemes,
several novel sets of four-qubit measuring basis are in-
troduced. In these schemes, two (or N) senders share
the original state, but each sender only partly knows
the state. It is shown that, if and only if two (or N)
senders agree to collaborate, the receiver can reconstruct
the original quantum state. Moreover, it is shown that,
for both present schemes, the total successful probability
of JRSP can reach 1.
2 JRSP of an arbitrary four-qubit |χ〉 en-
tangled state with complex coefficients
We present the joint remote preparation of an arbi-
trary four-qubit |χ〉 entangled state with complex coef-
ficients. In the first scheme the original state is shared
by two senders, while the prepared state is shared by N
senders in the second scheme.
2.1 JRSP with two senders
Suppose that two senders Alice and Bob wish to help
the receiver Charlie remotely prepare the state
|ψ〉 = x0 |0000〉+x1eiδ1 |0011〉+x2eiδ2 |0101〉
+x3e
iδ3 |0110〉+x4eiδ4 |1001〉+x5eiδ5 |1010〉
+x6e
iδ6 |1100〉+x7eiδ7 |1111〉, (2)
where xj and δj(j = 0,1, · · · ,7) are real, δ0 = 0 and∑7
j=0
x2j =1. Assume that Alice and Bob share the state
|ψ〉 and they know the state partly, that is Alice knows
xj(j = 0,1, · · · ,7), and Bob knows δj(j = 0,1, · · · ,7), but
Charlie does not know them at all. We also suppose that
the states shared by Alice, Bob, and Charlie as quantum
channel are four GHZ states
|λ1〉 = 1√
2
(|000〉+ |111〉)
A1B1C1
,
|λ2〉 = 1√
2
(|000〉+ |111〉)
A2B2C2
,
|λ3〉 = 1√
2
(|000〉+ |111〉)
A3B3C3
, (3)
where the qubits Ai(i = 1,2,3) belong to Alice, qubits
Bi(i= 1,2,3) to Bob, and qubits Ci(i= 1,2,3) to Char-
lie, respectively.
In order to complete the JRSP, Alice and Bob should
construct their measuring bases. The first measuring ba-
sis chosen by Alice are two sets of mutually orthogonal
bases vectors (MOBVs) {|ηk〉}(k=0,1, · · · ,7), which are
given by
(|η0〉 , |η1〉 , |η2〉 , |η3〉 , |η4〉 , |η5〉 , |η6〉 , |η7〉)T
= F (|ξ0〉 , |ξ1〉 , |ξ2〉 , |ξ3〉 , |ξ4〉 , |ξ5〉 , |ξ6〉 , |ξ7〉)T , (4)
where
F =


x0 x1 x2 x3 x4 x5 x6 x7
x1 −x0 x3 −x2 x5 −x4 x7 −x6
x2 −x3 −x0 x1 −x6 x7 x4 −x5
x3 x2 −x1 −x0 x7 x6 −x5 −x4
x4 −x5 x6 −x7 −x0 x1 −x2 x3
x5 x4 −x7 −x6 −x1 −x0 x3 x2
x6 −x7 −x4 x5 x2 −x3 −x0 x1
x7 x6 x5 x4 −x3 −x2 −x1 −x0


,
(5)
and
|ξ0〉= |000〉 , |ξ1〉= |001〉 , |ξ2〉= |010〉 , |ξ3〉= |011〉 ,
|ξ4〉= |100〉 , |ξ5〉= |101〉 , |ξ6〉= |110〉 , |ξ7〉= |111〉 ,
(6)
The second measuring bases chosen by Bob are two
sets of MOBVs
{∣∣∣τ (k)j
〉}
(k,j = 0,1, · · · ,7), which are
given by
(∣∣∣τ (k)0
〉
,
∣∣∣τ (k)1
〉
,
∣∣∣τ (k)2
〉
,
∣∣∣τ (k)3
〉
,
∣∣∣τ (k)4
〉
,
∣∣∣τ (k)5
〉
,
∣∣∣τ (k)6
〉
,
∣∣∣τ (k)7
〉)T
=G(|ξ0〉 , |ξ1〉 , |ξ2〉 , |ξ3〉 , |ξ4〉 , |ξ5〉 , |ξ6〉 , |ξ7〉)T , (7)
where k=0,1, · · · ,7 and G(k) is a 8×8 matrix,
G(0) = G(1,r1,r2,r3,r4,r5,r6,r7),
G(1) = G(r1,1,r3,r2,r5,r4,r7,r6),
G(2) = G(r2,r3,1,r1,r6,r7,r4,r5),
G(3) = G(r3,r2,r1,1,r7,r6,r5,r4),
G(4) = G(r4,r5,r6,r7,1,r1,r2,r3),
G(5) = G(r5,r4,r7,r6,r1,1,r3,r2),
G(6) = G(r6,r7,r4,r5,r2,r3,1,r1),
G(7) = G(r7,r6,r5,r4,r3,r2,r1,1), (8)
where rj = e
−iδj (j = 1,2, · · · ,7), and
G(a1,a2,a3,a4,a5,a6,a7,a8) in Eq. (8) is given by
010201-2
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G(a1,a2,a3,a4,a5,a6,a7,a8)=

a1 a2 a3 a4 a5 a6 a7 a8
a1 −a2 a3 −a4 a5 −a6 a7 −a8
a1 −a2 −a3 a4 −a5 a6 a7 −a8
a1 a2 −a3 −a4 a5 a6 −a7 −a8
a1 −a2 a3 −a4 −a5 a6 −a7 a8
a1 a2 −a3 −a4 −a5 −a6 a7 a8
a1 −a2 −a3 a4 a5 −a6 −a7 a8
a1 a2 a3 a4 −a5 −a6 −a7 −a8


. (9)
Now let Alice first perform three-qubit projective
measurement on the qubits A1, A2 and A3 by using the
basis {|ηk〉}(k = 0,1, · · · ,7) and publicly announces her
measurement outcome. Next, in accordwith Alice’s re-
sult of measurement, Bob should choose one of the mea-
suring bases
{∣∣∣τ (k)j
〉}
(k,j = 0,1, · · · ,7) to measure his
qubits B1, B2 and B3. After the measurement, Bob in-
forms Charlie of his result of measurement by the clas-
sical channel. According to Alice’s and Bob’s results,
Charlie can reconstruct the original state |ψ〉 by C-NOT
gates and suitable unitary operation. For example, with-
out loss of generality, assume Alice’s measurement out-
come is |η1〉A1A2A3 , Bob should choose measuring basis{∣∣τ1j
〉}
(j=0,1, · · · ,7) to measure his qubits B1, B2 and
B3, and then inform Charlie of his measurement result
by classical channel. Assume result of Bob’s measure-
ment is
∣∣∣τ (1)3
〉
B1B2B3
, the qubits C1, C2 and C3 will be
collapsed into the state
|u〉= 1
2
√
2
(x1e
iδ1 |000〉+x0|001〉−x3eiδ3 |010〉
−x2eiδ2 |011〉−x5eiδ5 |100〉−x4eiδ4 |101〉
+x7e
iδ7 |110〉+x6eiδ6 |111〉)C1C2C3 . (10)
According to Alice’s and Bob’s public announcements,
Charlie can perform the local unitary operation (σz)C1⊗
(σz)C2⊗(σx)C3 on his qubits C1,C2 and C3, the state |u〉
can evolve as
|u′〉= 1
2
√
2
(x0|000〉+x1eiδ1 |001〉+x2eiδ2 |010〉
+x3e
iδ3 |011〉+x4eiδ4 |100〉+x5eiδ5 |101〉
+x6e
iδ6 |110〉+x7eiδ7 |111〉)C1C2C3 . (11)
Next, Charlie introduces an auxiliary qubit C4 with ini-
tial state of |0〉, and the state (11) will be described as
|u′′〉= 1
2
√
2
(x0|000〉+x1eiδ1 |001〉+x2eiδ2 |010〉
+x3e
iδ3 |011〉+x4eiδ4 |100〉+x5eiδ5 |101〉
+x6e
iδ6 |110〉+x7eiδ7 |111〉)C1C2C3⊗|0〉C4 . (12)
Then Charlie employs in turn three C-NOT gates
CC3−C4 , CC2−C4 and CC1−C4 on the qubits C1,C2,C3
and C4, where Ci−j denotes that i as control qubit
and j as target one. After that, the state |u′′〉 (see
Eq.(12)) can be transformed into the desired state |ψ〉
and the JRSP succeeds in this situation. If Alice’s mea-
surement outcomes are the other 7 cases in the basis
{|ηk〉}(k = 0,1, · · ·,7) , Bob should choose appropriate
measuring bases {|τ (k)j 〉}(k,j =0,1, · · ·,7) to measure his
qubits B1,B2 and B3. The corresponding relation of
Alice’s measurement result |ηk〉A1A2A3 and the measur-
ing basis {|τ (k)j 〉} performed by Bob can be described as
|ηk〉A1A2A3 → {|τ (k)j 〉}(k,j = 0,1, · · ·,7). Similar to above
approach, after Alice’s and Bob’s measurements, Char-
lie can reconstruct the original state |ψ〉 by appropriate
unitary operation at his side. It is easily found that,
for all the 64 measurement results of Alice and Bob, the
receiver Charlie can reconstruct the original state |ψ〉
by appropriate unitary operations, the success probabil-
ity of the JRSP process being 1. The required classical
communication cost is 6 bits in the scheme.
2.2 JRSP with N senders
The scheme in section 2.1 can be generalized to the
case of N senders. Suppose that Alice and Bob1, Bob2, .
. . , BobN−1 wish to help the receiver Charlie remotely
prepare an arbitrary four-qubit |χ〉 entangled state
|φ〉= x0 |0000〉+x1eiϕ1 |0011〉+x2eiϕ2 |0101〉
+x3e
iϕ3 |0110〉+x4eiϕ4 |1001〉+x5eiϕ5 |1010〉
+x6e
iϕ6 |1100〉+x7eiϕ7 |1111〉, (13)
where xj and ϕj(j = 0,1, · · · ,7) are real, ϕ0 = 0 and∑7
j=0
x2j =1. Assume that the N senders know the state
|φ〉 partly, i.e. Alice knows xj(j =0,1, · · · ,7), Bob1 knows
ϕ
(1)
j , Bob2 knows ϕ
(2)
j , · · · , BobN−1 knows ϕ(N−1)j , where
ϕj =ϕ
(1)
j +ϕ
(2)
j + · · ·+ϕ(N−1)j (j =0,1, · · · ,7), but Charlie
does not know them at all. We also suppose that the
N sender and receiver Charlie share three (N+1)-qubit
GHZ states as the quantum channel, which are given by
|ε1〉 = 1√
2
(
|0〉⊗(N+1)+ |1〉⊗(N+1)
)
A(1)B
(1)
1 B
(1)
2 ···B
(1)
N−1
C(1)
,
|ε2〉 = 1√
2
(
|0〉⊗(N+1)+ |1〉⊗(N+1)
)
A(2)B
(2)
1 B
(2)
2 ···B
(2)
N−1C
(2)
,
|ε3〉 = 1√
2
(
|0〉⊗(N+1)+ |1〉⊗(N+1)
)
A(3)B
(3)
1 B
(3)
2 ···B
(3)
N−1
C(3)
,
(14)
010201-3
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where qubits A(1), A(2) and A(3) belong to Alice, qubits
B
(1)
1 , B
(2)
1 and B
(3)
1 belong to Bob1, · · · , qubits B(1)N−1,
B
(2)
N−1 and B
(3)
N−1 belong to BobN−1, and C
(1), C(2) and
C(3) belong to Charlie, respectively. As in the above
scheme, the N senders must construct their own measure-
ment basis. The first measuring basis chosen by Alice is
still in Eqs. (4) and (5), and the measuring bases chosen
by Bob1, Bob2, · · · , BobN−1 are 8(N−1) sets of MOBVs{∣∣∣τ (k)jl
〉}
(k = 0,1, · · · ,7;j = 0,1, · · · ,7; l= 1,2, · · · ,N−1),
which are given by
(∣∣∣τ (k)0l
〉
,
∣∣∣τ (k)1l
〉
,
∣∣∣τ (k)2l
〉
,
∣∣∣τ (k)3l
〉
,
∣∣∣τ (k)4l
〉
,
∣∣∣τ (k)5l
〉
,
∣∣∣τ (k)6l
〉
,
∣∣∣τ (k)7l
〉)T
=H(k)l (|ξ0〉 , |ξ1〉 , |ξ2〉 , |ξ3〉 , |ξ4〉 , |ξ5〉 , |ξ6〉 , |ξ7〉)T , (15)
where |ξm〉(m = 0,1, · · · ,7) are given by Eq. (6), l =
1,2, · · · ,N−1, and
H
(0)
l = H(1,r1l,r2l,r3l,r4l,r5l,r6l,r7l),
H
(1)
l = H(r1l,1,r3l,r2l,r5l,r4l,r7l,r6l),
H
(2)
l = H(r2l,r3l,1,r1l,r6l,r7l,r4l,r5l),
H
(3)
l = H(r3l,r2l,r1l,1,r7l,r6l,r5l,r4l),
H
(4)
l = H(r4l,r5l,r6l,r7l,1,r1l,r2l,r3l),
H
(5)
l = H(r5l,r4l,r7l,r6l,r1l,1,r3l,r2l),
H
(6)
l = H(r6l,r7l,r4l,r5l,r2l,r3l,1,r1l),
H
(7)
l = H(r7l,r6l,r5l,r4l,r3l,r2l,r1l,1), (16)
where rjl = e
−iϕ
(l)
j (j = 0,1, · · ·,7, l= 1,2, · · ·,N−1) , and
H(a1,a2,a3,a4,a5,a6,a7,a8) is also a 8×8 matrix which
similar to Eq.(9).
Alice first performs the three-qubit projective mea-
surement on her qubits A(1),A(2) and A(3) under the ba-
sis {|ηk〉}[see Eqs.(4) and (5)] and publicly announces her
result of measurement. According to Alice’s outcome,
Bob1 , Bob2 ,· · ·, BobN−1 should choose suitable mea-
suring basis in the MOBVs {|τ (k)jl 〉}(k,j = 0,1, · · ·,7, l =
1,2, ···,N−1) to measure their own qubits (B(1)1 ,B(2)1 ,B(3)1 )
, (B(1)2 ,B
(2)
2 ,B
(3)
2 ), · · ·, (B(1)N−1,B(2)N−1,B(3)N−1), and then in-
form Charlie of their measurement results, respectively.
In accord with the announcement of N senders, the re-
ceiver Charlie can reconstruct the original state |φ〉 by
using appropriate unitary operation and C-NOT gates.
For example, without loss of generality, suppose that
Alice’s measurement result is |η0〉A1A2A3 , then Bob1 ,
Bob2 ,···, BobN−1 should choose suitable measuring bases
{|τ (0)j1 〉}, {|τ (0)j2 〉}, · · ·, {|τ (0)j(N−1)〉} [see Eqs.(15) and (16)]
to measure their own qubits, respectively. Assume that
the Bob1’s measurement result is only |τ (0)11 〉B(1)1 B(2)1 B(3)1
while all other senders’ results are |τ (0)0m〉B(1)m B(2)m B(3)m (m=
2,3, ···,N−1), respectively, the qubits C(1),C(2) and C(3)
will be collapsed into the state
|v〉= 1√
2
(x0|000〉−x1eiϕ1 |001〉+x2eiϕ2 |010〉
−x3eiϕ3 |011〉+x4eiϕ4 |100〉−x5eiϕ5 |101〉
+x6e
iϕ6 |110〉−x7eiϕ7 |111〉)C(1)C(2)C(3) . (17)
According to the results of N senders, Charlie can per-
form the unitary operation (I)C(1) ⊗(I)C(2)⊗(σz)C(3) on
the qubits C(1),C(2) and C(3), the state |v〉 [see Eq.(17)]
will evolve as
|v′〉= 1√
2
(x0|000〉+x1eiϕ1 |001〉+x2eiϕ2 |010〉
+x3e
iϕ3 |011〉+x4eiϕ4 |100〉+x5eiϕ5 |101〉
+x6e
iϕ6 |110〉+x7eiϕ7 |111〉)C(1)C(2)C(3) . (18)
Next, Charlie introduces an auxiliary qubit C(4) with
initial state of |0〉, and makes in turn three C-NOT
gates CC(3)−C(4) , CC(2)−C(4) and CC(1)−C(4) on the qubits
C(1),C(2),C(3) and C(4), the desired state |φ〉 can be re-
covered.
If Alice’s measurement results are the other 7 cases in
the basis {|ηk〉}(k=0,1, · · ·,7), Bob1 , Bob2 ,· · ·, BobN−1
should choose suitable measuring bases {|τ (k)jl 〉}(k,j =
0,1, · · ·,7, l= 1,2, · · ·,N −1) to measure their own qubits
respectively, then Charlie can recover the original state
|φ〉 by appropriate unitary operations and suitable C-
NOT gates. Here we no longer depict them one by
one. The corresponding relation of Alice’s measurement
outcome |ηk〉A(1)A(2)A(3) and the measuring basis {|τ (k)jl 〉}
performed by Bob1 , Bob2 ,···, BobN−1 can be described
as
|ηk〉A(1)A(2)A(3) −→{|τ (k)jl 〉}, (19)
where k,j = 0,1, · · ·,7, l = 1,2, · · ·,N − 1. In this scheme,
the total successful probability of the JRSP is still 1, and
the required classical communication cost is 3N bits.
3 Conclusion
In conclusion, we have presented two new schemes for
joint remote preparation of an arbitrary four-qubit |χ〉-
type entangled states. In these schemes, the coefficients
of the original states to be co-prepared are all complex.
In the first scheme, two sender share an arbitrary four-
qubit |χ〉-type state, but each sender only partly knows
the state, and three three-qubit GHZ states are exploited
as the quantum channel. In order to help the receiver
remotely prepare the original state, in accord with the
knowledge of the original state which she/he known, each
sender must construct her/his own three-qubit measur-
ing basis. Firstly, a sender performs a three-qubit pro-
jective measurement on her qubits, then, another sender
010201-4
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should choose, according to the measurement result of
the first sender, an appropriate three-qubit measuring
basis to measure his qubits. After these projective mea-
surements, the receiver can reconstruct the original state
by means of appropriate unitary operations and suit-
able C-NOT gates. Next, we generalize the scheme to
N senders’ case. In the generalized scheme, the original
state is shared by the N senders and the quantum chan-
nel shared by the N senders and the receiver are three
(N+1)-qubit GHZ states. It is shown that, only if when
N senders collaborate with each other, the receiver can
remotely reconstruct the original state. To complete the
JRSP schemes, some novel sets of three-qubit mutually
orthogonal basis vectors have been introduced. After the
projective measurements by two senders (or N senders)
under these bases respectively, the original state can be
recovered by the receiver. Compared with the previous
scheme [61], the advantage of our schemes is that the
total successful probability of JRSP can reach 1. Fur-
thermore, in the present schemes, the quantum channel
only requires three three- or (N+1)-qubit GHZ states,
respectively, that is, the entanglement resource can be
reduced. Thus, we hope that our schemes will be help-
ful in the deeper understanding of the process of RSP,
and may be useful for the further studies on quantum
information science, such as quantum secret sharing and
quantum network communication.
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